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Abstract 
Waveguide dispersion can be tailored but not the material dispersion. Hence the total dispersion can be shifted at any desired 
band by adjusting the waveguide dispersion. Waveguide dispersion is proportional to ݀
ʹߚ
݀݇ʹ and need to be computed numerically. 
In this paper we have tried to compute analytical expressions for ݀
ʹߚ
݀݇ʹ   in terms ofߚ for the case of even modes of thin planar slab 
waveguide.  To compute ݀
ʹߚ
݀݇ʹ accurately, ߚ should be accurate enough up to ൎ ͳͲ
െͷ decimal point. This constraint sometimes 
generates the error in calculation of waveguide dispersion. Our study reveals that we can compute waveguide dispersion enough 
accurately for various modes by knowing only -ߚ.   
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1. Introduction 
How dispersion affects on pulse propagation in the fiber have been extensively studied [1, 2]. Dispersion is a 
fundamental property of the glass from which a fiber is formed. A fiber is dispersive because the index of refraction 
࢔ and the propagation constant ࢼ are different at each optical frequency. The phase velocity of a wave with 
frequency ࣓ is ࢜࢖ ൌ
ࢉ
࢔ ൌ
࣓
ࢼǡ so the velocity also varies with frequency in a dispersive material. Since any data pulse 
is formed through the superposition of energy at different frequencies, digital pulses carried on an optical wave 
eventually break apart after propagating a sufficient distance. In this paper we will try to compute the waveguide 
dispersion for the case of symmetric thin planar slab waveguide. To formulate the problem we will use the graphical 
method [3, 4]. 
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2. Calculation of Waveguide Dispersion 
Consider a symmetric planar slab waveguide as shown in Fig. 1. It can be assumed to be supported by even TE 
modes. Waveguide dispersion is given by [5], 
 
ܦܹ ቀ
݌ݏ
݇݉ െ ݊݉ቁ ൌ െ
݊ݏο
͵ߣͲ
ൈ ͳͲ͹ ቊܸ ݀
ʹሺܾܸሻ
ܸ݀ʹ ቋ ሺͳሻ 
where ݊ݏ ǡȟǡ ܾ and ܸ are substrate refractive index, percentage index difference, normalized propagation constant 
and normalized frequency respectively. In eq. (1) wavelength ߣͲ is measured in ݊݉. Our aim is to compute 
analytical expression for the double derivative term in eq. (1).  
 
Fig. 1: a) A planar slab waveguide. 
 
Since the propagation constant ߚ can be expressed in terms of the normalized propagation constant ܾ as 
ߚ ൌ ݇Ͳට݊ʹݏ ൅ ൫݂݊ʹ െ ݊ʹݏ ൯ܾ ൎ ݇Ͳൣ݊ݏ ൅ ൫݂݊ െ ݊ݏ൯ܾ൧ሺʹሻ 
where ݂݊ ǡ  ݊ݏ and ݇Ͳ are film refractive index, substrate refractive index and free space wave number respectively. 
݀ߚ
݀݇Ͳ
ൌ ݊ݏ ൅ ൫݂݊ െ ݊ݏ൯ܾ ൅ ݇Ͳ൫݂݊ െ ݊ݏ൯
ܾ݀
݀݇Ͳ
ൌ ݊ݏ ൅ ൫݂݊ െ ݊ݏ൯
݀ሺܸܾሻ
ܸ݀ ሺ͵ሻ 
Here we have used the fact that the difference between the film-substrate refractive index is almost same as that 
between the group indices. First the unified dispersion equation for the TE mode is derived by using Fig. 1. Here it 
is expressed by applying the boundary condition at the interface of film and substrate region as [6, 7], 
 ൬ߢ݀ʹ ൰ ൌ൞
ߛ
ߢ ሺܧݒ݁݊݉݋݀݁ሻ
െߢߛ ሺܱ݀݀݉݋݀݁ݏሻ
ሺͶሻ 
where 
ە
۔
ۓߢ ൌ ට݇Ͳʹ݂݊ʹ െ ߚʹ
ߛ ൌ ටߚʹ െ ݇Ͳʹ݊ʹݏ
ሺͷሻ 
The differentiate of both terms for even TE mode in eq. (4) with respect to ܸ gives  
݀
݀ߢ ൤ ൬
ߢ݀
ʹ ൰൨
݀݇
ܸ݀ ൌ
݀
݀ߛ ቀ
ߛ
ߢቁ
݀ߛ
ܸ݀ ሺ͸ሻ 
Since ܸʹ ൌ ߢʹ ൅ ߛʹ hence ߛ݀ߛ ൌ ܸܸ݀ and then 
݀ߢ
ܸ݀ ൌ
ʹ
ߢ݀
ݒ
ߛ ܿ݋ݏ
ʹ ൬ߢ݀ʹ ൰ ሺ͹ሻ 
and 
݀ሺܸܾሻ
ܸ݀ ൌ ܾ ൅ ܸ
ܾ݀
ܸ݀ ൌ ܾ ൅ ܸ
ܾ݀
݀ߢ
݀ߢ
ܸ݀ ሺͺሻ 
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It is known ܾ ൌ ͳ െ ߢ
ʹ
ܸʹ  hence 
ܾ݀
݀ߢ ൌ െ
ʹߢ
ܸʹ ሺͻሻ 
and by using the equations (7) and (9), eq. (8) would transfer as 
݀ሺܸܾሻ
ܸ݀ ൌ ܾ െ
Ͷ
݀
ͳ
ߛ ܿ݋ݏ
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ʹ
݀
ͳ
ߛ െ
ʹ
݀
ͳ
ߛ ሺߢ݀ሻ ሺͳͲሻ 
hence 
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ʹ
݀
݀
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ͳ
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ʹ
݀
݀
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ʹ
݄ߛʹ
݀ߛ
ܸ݀ െ
ʹ
݄
݀
ܸ݀ ൜
༌ሺߢ݀ሻ
ߛ ൠ ሺͳͳሻ 
In eq. (11), the rightmost derivative term can be computed as [8, 9] 
݀
ܸ݀ ൜
༌ሺߢ݀ሻ
ߛ ൠ ൌ
݀
݀ߛ ൜
༌ሺߢ݀ሻ
ߛ ൠ
݀ߛ
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now 
݀
݀ߛ ൜
༌ሺߢ݀ሻ
ߛ ൠ ൌ െ
༌ሺߢ݀ሻ
ߛ
݀
݀ߛ ቀඥܸ
ʹ െ ߛʹቁ െ ༌ሺߢ݀ሻߛʹ ൌ
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ඥܸʹ െ ߛʹ
െ ༌ሺߢ݀ሻߛʹ ሺͳ͵ሻ 
Hence from equations (11-13),  
݀
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ܾ݀
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ʹ
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ܸ
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From eq. (8) and eq. (10),  
ܾ݀
ܸ݀ ൌ െ
Ͷ
ܸ݀ Ǥ
ͳ
ߛ ܿ݋ݏ
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From eq. (15), eq. (14) would become as 
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Ͷ
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This can be further simplified to get 
ܸ ݀
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ܸ݀ʹ ൌ
Ͷߢʹ
݀ߛ͵ ܿ݋ݏ
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3. Results and Discussions  
Suppose the thin planar slab waveguide structure shown in Fig. 1 has a film index of݂݊ ൌ ͳǤͶͻ, substrate index 
equal to݊ݏ ൌ ͳǤͶͺͷ and film thickness assumed to be͵ߤ݉ [10, 11]. The eigen-value equation for even TE mode 
has been solved by graphical technique as shown in Fig. 2. The difference in index between the two layers is very 
small. Hence it will always support only one TE mode, which is being revealed in Fig. 2. Figure 3 shows the 
graphical solution of eq. (4) to found the allowed vales of ߢ andߛ.  Figure 4(a) shows the waveguide dispersion 
calculated by equations (1) and (17) for the fundamental mode case [12, 13, 14]. It is apparent from the Fig. 4(a) that 
our analytical technique is accurate enough. In Fig. 4, the dotted line is an exact waveguide dispersion calculated by 
numerical technique [15]. Figure 4(b) shows the material, waveguide and total dispersion versus wavelength [12, 
13].  It is apparent from this figure that the total dispersion comes out to be zero atߣ ൎ ͳǤʹ͸ߤ݉. Similar calculation 
can be done for the odd modes also [16 17].  
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Fig. 2: For the thin waveguide, there is only one allowed mode, which occur  
near ߢ ൌ ͷͻ͹ͺܿ݉െͳ  and  ͵͵ͷ͸ܿ݉െͳ at ߣ ൌ ͲǤͺߤ݉ and ߣ ൌ ʹߤ݉ respectively. 
 
 
Fig. 3: Allowed values of ߢሺܿ݉െͳሻ and ߛሺܿ݉െͳሻ versus ߣ for the fundamental mode. 
 
 
 
Fig. 4: (a) Waveguide dispersion versus ߣ for the ܶܧͲͳ  mode  
(b) material, waveguide and total dispersion versus wavelength for the above case. 
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4. Conclusion 
In this paper we have tried to compute analytical expression for݀
ʹߚ
݀݇ʹ in terms ofߚ. Hence one needs to avoid tedious 
numerical computation for the term݀
ʹߚ
݀݇ʹ. The results are verified with numerical technique and found to be accurate 
enough. These results can be easily extended to an asymmetric planar slab structure, ridge waveguide structure, and 
taper waveguide structure to mention few. 
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